INTRODUCTION
Let K be a field and S = K[x 1 , . . ., x n+1 ] the polynomial ring in n + 1 variables over the field K. The 2-minors of the matrix X = x 1 . . . x n−1 x n x 2 . . . x n x n+1 generate the ideal I X of the rational normal curve X ⊂ P n . It is well-known that S/I X is Cohen-Macaulay and has an S-linear resolution. We refer the reader to [5] , [4] , [1] for properties of the ideal of the rational normal scroll.
On the other hand, in the last few years, the so-called binomial edge ideals have been intensively studied. They are defined as follows. Given a simple graph G on the vertex set [n] with edge set E(G), one considers the ideal J G generated by all the minors f i j = x i y j − x j y i of the matrix x 1 . . . x n−1 x n y 1 . . . y n−1 y n in the polynomial ring R = K[x 1 , . . . , x n , y 1 , . . . , y n ]. Binomial edge ideals were defined in [8] and [9] . In analogy to this construction, in this paper we consider the following ideals in S. For a simple graph G on the vertex set [n], let I G be the ideal generated by the 2-minors g i j = x i x j+1 − x j x i+1 of X with i < j and {i, j} ∈ E(G). We call I G the binomial edge ideal of X .
It is clear already from the beginning that unlike the case of classical binomial edge ideals, the ideal I G strongly depends on the labeling of the graph G. For example, if G is the graph displayed in Figure 1 , we get dim(S/I G ) = 3 for the labeling given in Figure 2 (a) and dim(S/I G ) = 4 for the labeling of G given in Figure 2 However, for some classes of graphs G which admit a natural labeling, we may associate with G a unique ideal I G and study its properties. This is the case, for instance, for closed graphs. We recall from [8] that G is closed if it has a labeling with respect to which is closed. A graph G is called closed with respect to its given labeling if for all edges {i, j} and {i, k} with j > i < k or j < i > k, one has { j, k} ∈ E(G). A closed graph G is chordal and, therefore, by Dirac's Theorem, its clique complex ∆(G) is a quasi-forest. We recall that the clique complex ∆(G) of G is a simplicial complex whose facets are the maximal cliques of G, that is, the maximal complete subgraphs of G. ∆(G) is a quasi-forest if the facets F 1 , . . . , F r of ∆(G) have a leaf order, that is, F i is a leaf of the simplicial complex generated by F 1 , . . . , F i for all i > 1. For a simplicial complex ∆, a facet F is called a leaf if there is another facet G of ∆ such that for any facet H = F, one has H ∩ F ⊆ G ∩ F. It was shown in [6] that if G is closed, then we may label the vertices of G such that the facets of ∆(G), say F 1 , . . ., F r , are intervals,
and if we order F 1 , . . ., F r such that a 1 < a 2 < · · · < a r , then this is a leaf order.
The paper is structured as follows. In Section 1, we show that the generators of I G form a Gröbner basis with respect to the reverse lexicographic order if and only if G is closed with the given labeling. As a consequence of this theorem, we derive that for a closed graph G, the ideal I G is Cohen-Macaulay of dimension 1 + c, where c is the number of connected components of G.
In Section 2, we study the properties of I G for a closed graph G. We compute the minimal prime ideals of I G in Theorem 2.2. By using this theorem, we characterize those connected closed graphs G for which I G is a radical ideal (Proposition 2.3). In addition, we show in Corollary 2.4, that I G is a set-theoretic complete intersection if G is connected and closed. In the last part of Section 2, we a give sharp upper bound for the regularity of I G (Theorem 2.7) and we show that I G has a linear resolution if and only if G is a complete graph.
GRÖBNER BASES
Let G be a graph on the vertex set [n] and
The main result of this section is the following. Proof. Let us first assume that the generators form a Gröbner basis of I G . This implies that for any pair of generators
. We have to show that { j, k} is also an edge of G. We have
Since its initial monomial is x i x j+1 x k , g jk must be a generator of I G , thus { j, k} is an edge of G. In a similar way we argue if n ≥ i > j > k ≥ 1.
For the converse, let us assume that G is closed. We show that the S-polynomial S rev (g i j , g kℓ ) reduces to zero with respect to the generators of I G for any two generators g i j , g kℓ of I G . Note that in rev (g i j ) = x j x i+1 and in rev (g kℓ ) = x ℓ x k+1 . If these two monomials have disjoint supports we know that S rev (g i j , g kℓ ) reduces to zero with respect to g i j , g kℓ . Assuming that, for instance, i < k, we have to consider the following remaining cases. Case 1. ℓ = j. Then one may check that S rev (g i j , g kℓ ) = x j+1 g ik which is obviously a standard representation.
Case 2.
Therefore, in all cases, the S-polynomials S rev (g i j , g kℓ ) reduce to zero with respect to the generators of I G .
As in the case of classical binomial edge ideals associated with graphs, the ideal I G where G is the line graph on n vertices has nice properties.
Let G be a line graph on [n] with E(G) = {{i, i + 1} : 1 ≤ i ≤ n − 1}. Then I G is minimally generated by {g i,i+1 = x 2 i+1 − x i x i+2 : 1 ≤ i ≤ n} and in rev (I G ) = (x 2 2 , x 2 3 , . . . , x 2 n ). As x 2 2 , x 2 3 , . . . , x 2 n is a regular sequence in S, it follows that the generators of I G form a regular sequence as well. Consequently, the Koszul complex of the generators of I G gives the minimal free resolution of S/I G over S.
The following proposition shows that, for a closed graph G, the initial ideal of I G with respect to the reverse lexicographic order has a simple structure. Proof. We only need to observe that I F , where F = [a, b] is a clique, has the initial ideal in rev (I F ) = (x a+1 , . . . , x b ) 2 . Then, as in rev (I G ) = in rev (I F 1 ) + · · · + in rev (I F r ), the conclusion follows.
Corollary 1.3. Let G be a closed graph. Then I G is a Cohen-Macaulay ideal of dim(S/I G ) = 1 + c where c is the number of connected components of G.
Proof. I G is a Cohen-Macaulay ideal by [7, Corollary 3.3.5] and dim(S/I G ) = dim(S/ in rev (I G )) = 1 + c, the last equality being obvious by the form of in rev (I G ).
PROPERTIES OF THE SCROLL BINOMIAL EDGE IDEALS OF CLOSED GRAPHS
In this section we study several algebraic and homological properties of the ideal I G where G is a closed graph on the vertex set [n].
Associated primes.
We recall that I X denotes the binomial edge ideal associated with the complete graph K n . It is well known that I X is a prime ideal.
Proposition 2.1. Let G be an arbitrary connected graph on the vertex set [n]. Then I X is a minimal prime of I G . If P is a minimal prime ideal of I G which contains no variable, then
We claim that I X is equal to the saturation of I G with respect to x, that is, I X = I G : x ∞ . This will be enough to prove the statement of our proposition. Indeed, if P is a minimal prime ideal of I G which does not contain any variable, then P ⊃ I G : x ∞ = I X ⊃ I G . Since I X is a prime ideal, it follows that P = I X .
To prove our claim we first observe that I G ⊂ I X implies that I G : x ∞ ⊂ I X : x ∞ = I X . For the other inclusion, we show that any minimal generator δ i j = x i x j+1 − x j x i+1 belongs to
Since G is connected, there exists a path in G from i to j. We prove that δ i j ∈ I G : x ∞ by induction on the length r of the path. If {i, j} ∈ E(G), there is nothing to prove. Let r > 1 and let i, i 1 , . . ., i r−1 , i r = j be a path from i to j. By induction, δ i,i r−1 ∈ I G : x ∞ . We also have δ i r−1 j ∈ I G :
Now we restrict our study to ideals associated with connected closed graphs.
Theorem 2.2. Let G = K n be a connected closed graph on the vertex set [n] and I G its associated ideal. Then
Proof. By Corollary 1.3 and Proposition 2.1, we only need to show that if P is a minimal prime of I G which contains at least one variable, then P = (x 2 , . . . , x n ). Let P ∈ Min(I G ) such that x i ∈ P for some 2 ≤ i ≤ n. Let i < n. Then, as {i, i + 1} ∈ E(G), we get x i+1 ∈ P. Thus, (x i , . . . , x n ) ⊂ P. If i = 2, we get P ⊃ (x 2 , . . . , x n ) ⊃ I G , thus we have P = (x 2 , . . . , x n ). Let now i > 2. Since {i − 2, i − 1} ∈ E(G), we get x i−1 ∈ P. Thus, for i > 2, we get as well P = (x 2 , . . . , x n ).
Let us now assume that P ∈ Min(I G ) and x 1 ∈ P. Since {i, i + 1} ∈ E(G) for all i, we get (x 1 , . . . , x n ) ⊂ P, which is impossible since P is minimal. A similar argument shows that P cannot contain x n+1 .
As a consequence of the above theorem, we may characterize the radical ideals I G .
Proposition 2.3. Let G be a connected closed graph on the vertex set [n]. Then I G is a radical ideal if and only if G
Proof. The claim is evident if G = K n . Let now G = K n . Then, by the above theorem, we have
We claim that I X ∩ (x 2 , . . . , x n ) = I H where H is the closed graph on [n] whose clique complex is generated by the intervals [1, n − 1] and [2, n]. We obviously have I H ⊂ I X ∩ (x 2 , . . . , x n ). Let f ∈ I X ∩ (x 2 , . . ., x n ). Then f = ∑ 1≤i< j≤n h i j δ i j where δ i j are the generators of I X and h i j are polynomials in S. We have to show that h 1n δ 1n ∈ I H because δ i j ∈ I H for all i < j with (i, j) = (1, n). Since δ i j ∈ (x 2 , . . .x n ) for all i < j such that (i, j) = (1, n), it follows that h 1n δ 1n ∈ (x 2 , . . . , x n ) which implies that x 1 x n+1 h 1n ∈ (x 2 , . . ., x n ). But x 1 x n+1 is regular on S/(x 2 , . . . , x n ). Thus h 1n ∈ (x 2 , . . ., x n ). We show that for all 2 ≤ j ≤ n, we have x j δ 1n ∈ I H which will end our proof. For j = 2 we have x j δ 1n = x 2 (x 1 x n+1 − x 2 x n ) = x 1 δ 2n + x n δ 12 ∈ I H . For j ≥ 3, we obtain x j δ 1n = x n+1 δ 1, j−1 + x 2 δ j−1,n ∈ I H . Theorem 2.2 has the following nice consequence.
Corollary 2.4. Let G be a connected closed graph. Then I G is a set-theoretic complete intersection.
Proof. The statement is known for G = K n [1] . Let now G = K n and let P n be the line graph on n vertices. Obviously, the generators of I P n are generators for I G as well. By Theorem 2.2, we have √ I G = I P n . The ideal I P n is generated by n − 1 = height(I G ) polynomials. Therefore, I G is a set-theoretic complete intersection.
2.2. Regularity. Let G be a closed graph on the vertex set [n] and I G ⊂ S its associated ideal. The first question we may ask is under which conditions on the graph G the ideal I G has a linear resolution. The next proposition answers this question. We first need the following known statement. . Hence, we get
where n i = |V (G i )| for 1 ≤ i ≤ c. The above inequality is equivalent to
Set m i = n i − 1 for 1 ≤ i ≤ c. Then we get the equivalent inequality
This inequality holds if and only if c = 1, thus G must be connected. Moreover, in this case, since I G has a linear resolution, we must have dim
The implication (c) ⇒ (b) is trivial, and (a) ⇒ (c) is known; see, for example, [4, Theorem 1] and [2, Corollary 3.9] .
In the next theorem we give an upper bound for the regularity of I G when G is a closed graph. 
